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In a recent work [[OV21]], O’Donnell and Venkateswaran obtained a remarkably simple proof of
Gao’s quantum union bound [GaolS]. In this note, we highlight some connection of their argu-
ment with Sen’s quantum union bound [Senl1]], which also has a remarkably simple proof but a
quadratically weaker result than Gao’s.

TL;DR: Fidelity wins over Euclidean distance.

Set-up: Given projectors I1y, I1y, ... TI; and a state |v), suppose ||II;|v)||*> = 1 — &; (forall t €
{1,2, |QI)0> = |’U>, |1Z}t> = Ht. . .H2H1|U> and

lw,) = II}ujt;H We also define I, := I — II;, which means ; = ||II;|v)||?>. Quantum union bounds

show that |||w,)||? is large and |w;) is close to |v), if Y, &; is small.

Closeness measures: It will be convenient to work with pure ‘sub-normalized’ states, which have
norm less or equal to 1. We abbreviate v := |v)(v], w; = |wy)(w;| and w; = |wy)(w|. Given
|p), |o), we consider two notions of ‘closeness’: F(p, o) = [(p||o)|? and A(p, o) = 1—]||p)—|o) .

O’Donnell-Venkateswaran argument: Based on the following inequality [OV21, Lemma 2.1],
for a projector II and pure sub-normalized states |p), |o).

VE(p, o) < v/F(p, IoTl) + ||| p) | [ TT|or} . (D)

Using it recursively starting with p, 0 = v, we find
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Since 1 — \/F(v, @y) > 1 — |||@)]|, [OV21] find that
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This is used to also lower bound F(v, wy).



Sen argument: Based on the following inequality [Senll, Lemma 2], for a projector II and pure
sub-normalized states |p), |o).

A(p, o) < A(p, IIoTI) + [T p) . 2)

Using it recursively starting with p, 0 = v, we find

. k
1 — A(v, 1) < Z ITL|p)]|2 = Zet.
t=1 t=1

Since

L= A, dn) = o) = [@e)]* = o)l + @) |* — 2/ {vlldw)|

= 1+ [[lan)|I* = 2llldw) | V/F (v, wr)

> (L= [l

[SenI] finds that ||[wy)|| > 1 — 1/> 25, &. This can also be used to lower bound F (v, wy,):
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